Character and Multiplicity Formulas for Compact Hamiltonian G-spaces by Gamse, Elisheva Adina
ar
X
iv
:1
41
1.
03
45
v1
  [
ma
th.
SG
]  
3 N
ov
 20
14
Character and Multiplicity Formulas for
Compact Hamiltonian G-spaces
Elisheva Adina Gamse∗
Department of Mathematics, Northeastern University
360 Huntingdon Avenue, Boston MA 02115
gamse.e@husky.neu.edu
September 21, 2018
Let K ⊂ G be compact connected Lie groups with common maximal torus
T . Let (M,ω) be a prequantisable compact connected symplectic manifold
with a Hamiltonian G-action. Geometric quantisation gives a virtual repre-
sentation of G; we give a formula for the character χ of this virtual represen-
tation as a quotient of virtual characters ofK. WhenM is a generic coadjoint
orbit our formula agrees with the Gross-Kostant-Ramond-Sternberg formula.
We then derive a generalisation of the Guillemin-Prato multiplicity formula
which, for λ a dominant integral weight of K, gives the multiplicity in χ of
the irreducible representation of K of highest weight λ.
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1 Introduction
Let (M,ω) be a compact connected symplectic manifold, and let G be a compact con-
nected Lie group acting on M in a Hamiltonian fashion with moment map µ :M → g∗.
Assume that the equivariant cohomology class [ω+µ] is integral. Let L→M be a com-
plex Hermitian line bundle and let ∇ be a Hermitian connection on L whose equivariant
curvature form is the equivariant symplectic form ω + µ. Suppose that the G-action on
M lifts to a G-action on L which preserves ∇. Let J be a G-equivariant almost complex
structure on M . This almost complex structure gives us a totally complex distribution
∆ in the complexified tangent bundle to M , such that TM ⊗ C = ∆ ⊕ ∆. This gives
us a splitting Λk(TM ⊗C) =
∑
i+j=k Λ
i(∆)⊗Λj(∆), and thus a bigrading on the space
of L-valued differential forms. We will take J to be compatible with ω; that is, ω is a
(1, 1)-form and ω(v, Jv) > 0 for all p ∈M and v ∈ TpM .
Let D : Ωk(M ;L)→ Ωk+1(M ;L) be the operator D(s⊗α) = ∇s⊗α+ s⊗ dα, where
s ∈ Γ(L) and α ∈ Ωk(M). Define ∂ to be the (0, k+1) component of D. Fix a Hermitian
metric on M . Together with the Hermitian inner product on L, this gives a Hermitian
inner product on L⊗ Λ0,kTM . Define operators ∂
t
: Ω0,k(M ;L)→ Ω0,k−1(M ;L) which
are L2-adjoint to ∂. Then the operator ∂+ ∂
t
: Ω0,even(M ;L)→ Ω0,odd(M ;L) is elliptic;
the quantisation Q(M,ω,∇, L;J) is defined as the virtual G-representation on ker(∂ +
∂
t
) ⊖ coker(∂ + ∂
t
); that is, the equivariant index of the ∂ + ∂
t
operator on L. (See
chapter 6 of Ginzburg, Guillemin and Karshon’s book [4].)
In their paper [5], Guillemin and Prato prove a formula for the multiplicity with
which each irreducible character of G appears in the character of this representation
Q(M,ω,L,∇;J). In the special case of a torus T acting on a coadjoint orbit G/T by
left multiplication, their formula becomes the Kostant multiplicity formula that Kostant
obtained in [7].
Let G be semisimple, let K ⊂ G be a Lie subgroup of equal rank, choose a common
maximal torus T ⊂ K ⊂ G, let λ be a dominant integral weight for G, and let M
be the coadjoint orbit G · λ. The choice of positive roots for G determines a complex
structure on G · λ; take J to be the corresponding almost complex structure on G ·
λ. Let Lλ = G ×T C(λ) (where T acts on the line C(λ) with weight λ). Then the
quantisation Q(M,ω,Lλ,∇;J) is aG-representation on the space of holomorphic sections
of Lλ (see [4] for details). The Borel-Weil theorem tells us that the quantisation of
(M,ω,Lλ,∇, J) is the irreducible representation of G of highest weight λ, and that all
irreducible representations arise in this way, as described by Bott in [1]. In this case,
Gross, Kostant, Ramond and Sternberg provided in [3] a formula for the character of
this G-representation as a quotient of the alternating sum of a multiplet of K-characters.
Their formula has its origins in String Theory and is the motivation for our work which
provides a generalisation. In the special case where K = T , their formula becomes the
Weyl character formula.
In this paper, we extend the result of Gross, Kostant, Ramond and Sternberg by re-
placing the coadjoint orbit G · λ with any compact connected symplectic Hamiltonian
G-manifold M , and relate the resulting character formula to the Guillemin-Prato mul-
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tiplicity formula. In section two we obtain, for arbitrary compact connected symplectic
manifoldsM with Hamiltonian G-actions, a formula for the character of Q(M,ω,∇, L;J)
as a quotient of K-characters. In section three, we derive from our formula a generali-
sation of the Guillemin-Prato multiplicity formula.
Acknowledgements I would like to thank Jonathan Weitsman for suggesting the prob-
lem and for his advice and encouragement throughout. I am also grateful to the anony-
mous reviewer for making valuable corrections and suggestions, and to Nate Bade, Bar-
bara Bolognese, Victor Guillemin, and Ryan Mickler for helpful discussions.
2 Character Formula
Let G and K be compact connected Lie groups of equal rank with K ⊂ G, and choose a
common maximal torus T ⊂ K ⊂ G. Write t, k and g for the Lie algebras of T , K, and G
respectively. Let NG(T ) denote the normaliser in G of T and let W (G) = NG(T )/T be
the Weyl group of G. Choose a set Φ+(G) of positive roots of G, and letWG ⊂ t
∗ be the
positive Weyl chamber for G. Let Λ ⊂ t∗ denote the weight lattice. For φ ∈ Φ+(G), let
Hφ denote the hyperplane orthogonal to φ in t
∗, and let wφ ∈W (G) be the reflection in
this hyperplane. Let (M,ω) be a compact connected symplectic manifold, and let G act
on (M,ω) in a Hamiltonian manner. Then T acts on (M,ω) in a Hamiltonian fashion
with T -equivariant moment map µ :M → t∗; we will assume that the fixed points of this
torus action are isolated. Suppose the equivariant cohomology class [ω + µ] is integral,
choose a prequantisation line bundle (L,∇), and let J be a G-equivariant almost complex
structure on M that is compatible with ω. Let Q(M,ω,∇, L;J) = ind(∂ + ∂
t
) be the
quantisation of (M,ω,L,∇;J), and let χ denote its character. In this section we will give
an expression for the character χ, as a sum of quotients of (virtual) K-characters. We
begin by setting up the equivariant cohomology we need, and by recalling the equivariant
index theorem and the localisation theorem which will be our main tools.
2.1 Review of Equivariant Cohomology
Let G be a compact Lie group acting on a manifold M . Let EG be a contractible space
on which G acts freely, so that M ×EG ≃M and the diagonal action of G on M ×EG
is free. Form the homotopy quotient MG := (M × EG)/G.
Definition 2.1. The equivariant cohomology ring H∗G(M) is the ordinary cohomology
ring H∗(MG).
Let H ⊂ G be a subgroup. Then H also acts freely on EG, so we can take EH = EG
and thus MG = MH/G. If p : MH → MG denotes the projection, we can pull back
classes in H∗G(M) along p to H
∗
H(M).
An alternative approach to defining equivariant cohomology is known as the Cartan
model. Define an equivariant differential form to be a G-equivariant polynomial on g
taking values in Ω∗(M). More precisely, the equivariant differential k-forms are elements
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of ΩkG(M) =
⊕
k=2i+j(S
i(g∗) ⊗ Ωj(M))G. The equivariant exterior differential dG :
ΩkG(M)→ Ω
k+1
G (M) is given by
(dGα)(X) = d(α(X)) − iXMα(X),
where α ∈ ΩkG(M), X ∈ g, and XM is the vector field defined by the infinitesimal action
of X on M . Note that d2G = 0 by invariance.
Hence, an equivariant form α ∈ Ω∗G(M) is closed if d(α(X)) − iXMα(X) = 0 for all
X ∈ g.
Example 2.2 (Equivariant symplectic form). Let ω + µ be the equivariant symplectic
form. Then dG(ω + µ)(X) = d(ω + µ)(X) − iXM (ω + µ)(X). But dω = 0 since ω is the
non-equivariant symplectic form, and iXM (µ) = 0 since µ is a 0-form. So dG(ω+µ)(X) =
dµ(X)− iXMω(X), which is zero by definition of the moment map µ. So the equivariant
symplectic form is equivariantly closed.
Theorem 2.3 (Equivariant de Rham Theorem). Let G be a compact connected Lie
group acting on a manifold M . Then the equivariant cohomology is given by
H∗G(M) =
ker dG
im dG
.
Suppose S ⊂ T is a subtorus with Lie algebra s. A T -equivariant form α is an Ω(M)-
valued polynomial on t; by restriction we can view this as an Ω(M)-valued polynomial
on ß and hence as an S-equivariant form. If α is T -equivariantly closed then d(α(X))−
iXMα(X) = 0 for all X ∈ t, in which case we certainly have d(α(X))− iXMα(X) = 0 for
all X ∈ ß and so α is also S-equivariantly closed.
Let c1,T , eT and TdT denote the T -equivariant first Chern, Euler and Todd classes
respectively. For a detailed discussion of these equivariant characteristic classes, see [6]
or [4].
We are now ready to state the following two theorems, which are the key components
of our proof. For more details about these theorems we refer the reader to [4].
Theorem 2.4 (Equivariant Index Theorem). Let (M,ω,L,∇;J) be a G-manifold, and
let χ denote the character of the quantisation Q(M,ω,∇, L;J). Then, in a neighbourhood
of 0 ∈ g,
χ ◦ exp =
∫
M
ec1,T (L)TdT (M).
Theorem 2.5 (Atiyah-Bott-Berline-Vergne Localisation Formula). LetM be a compact,
oriented manifold and let the torus T act on M with fixed point set F , and let ι : F →M
denote the inclusion. Let α be an equivariantly closed form on M . Let NF denote the
normal bundle to F in M . Then ∫
M
α =
∫
F
ι∗Fα
eT (NF )
.
In particular, when F is a finite set of isolated points,∫
M
α =
∑
p∈F
α|p
eT (TpM)
.
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2.2 Actions of the Torus and of a Subtorus
The Equivariant Index Theorem and the Localisation Theorem together give an ex-
pression for the character of Q(M,ω,∇, L;J) as a sum of contributions from each fixed
point of the torus action onM . The fixed point data involved is the T -equivariant Chern
classes of the line bundle L, and the equivariant Todd and Euler classes of the tangent
bundle TM , all restricted to each fixed point p. These classes are all determined by
the weights of the torus action on the fibres of the vector bundles above p. So we now
discuss what the fixed points are and how the torus acts on the fibres above them.
Lemma 2.6. The equivariant first Chern class c1,T (L)|p of the fibre of the line bundle
L above the point p ∈M is the moment map image µ(p).
Proof. We chose our prequantisation line bundle L→M and connection ∇ such that its
equivariant curvature form was equal to the equivariant symplectic form ω+µ. Restricted
to a point p this becomes the image µ(p).
Lemma 2.7. The Weyl group W (G) of G acts on the set of fixed points of the T action
on M .
Proof. Let p ∈ M be a fixed point of the torus action, and let wT ∈ W (G). We define
the action of W (G) on the fixed point set by wT · p = w · p. Since the torus action fixes
p, this doesn’t depend on the coset representative w, and so the action is well-defined.
We would like to show that wT · p is a fixed point of the torus action. By definition
of the Weyl group, if wT ∈ W (G) and t ∈ T , then tw = wt′ for some t′ ∈ T . So
t · (w · p) = tw · p = wt′ · p = w · (t′ · p) = w · p, so w · p is a fixed point as claimed.
Corollary 2.8. The fixed points of the torus action can be partitioned into W (G) orbits.
Lemma 2.9. Let α1, α2, . . . , αn be the weights of the representation of T on the tangent
space TpM to the fixed point p, and let w ∈ NG(T ) be a representative for wT ∈W (G).
Then the weights of the T -representation on Tw·pM are w · α1, . . . , w · αn.
Proof. Let α be a weight of the torus action on the tangent space TpM , and let Vα ⊂ TpM
be the weight space of α. Let v ∈ Vα ⊂ TpM , and let X ∈ t with expX = t. By definition
this means t · v = e〈α,X〉v. We wish to know how T acts on w · v. Since w ∈ NG(T ), we
know w−1tw = t′ for some t′ ∈ T . Suppose t′ = expY . So t · (w · v) = (tw) · v = wt′ · v =
w · (t′ · v) = w · (e〈α,Y 〉v) = e〈α,Y 〉w · v. But expY = w−1 expXw, so Y = w−1Xw since
the exponential map commutes with the adjoint action. So 〈α, Y 〉 = 〈α,w−1Xw〉 =
〈w · α,X〉, so t · w · v = e〈w·α,X〉w · v. That is, w · α is a weight of the T action on the
tangent space Tw·pM , as required.
If we apply localisation to the equivariant index theorem, we get a formula for the
character of the G-representation in terms of torus characters. We combine these torus
characters into K-characters. Geometrically, this arises as follows.
Let ß ⊆ t be the algebra {ζ ∈ t|〈α, ζ〉 = 0∀α ∈ Φ(K)}, and let S = exp(ß). Then
S ⊆ T is the maximal torus of the centraliser of K in G.
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Lemma 2.10. The fixed manifolds of the S-action are preserved by the K-action.
Proof. Suppose x ∈M is fixed by the S action. We claim that k ·x is also fixed by S, for
all k ∈ K. But S is contained in the centraliser of K, so indeed s · k · x = k · s · x = k · x.
Since K is connected, the K-action preserves connected components of the fixed set of
S.
Corollary 2.11. Each fixed manifold F of the S-action is a Hamiltonian K-space. In
particular, W (K) acts on the set of fixed points pi of the torus action that are contained
in F , and on the weights of the torus action on TpiF .
Let p ∈ M be a fixed point of the torus action, and consider the action of T on
the tangent space TpM . The tangent space can be broken up into a direct sum of 2-
dimensional weight spaces. The point p is contained in some manifold F fixed by the
S-action. Denote by NF the normal bundle to F in M ; since the torus action preserves
F , the decomposition TpM = TpF ⊕NpF respects the weight decomposition.
Recall that an element ξ of a Lie algebra k is regular if the dimension of its centraliser
is minimal among all centralisers of elements of k. For Lie algebras of compact Lie groups
this means that the centraliser of ξ is a maximal torus of k. Write k∗reg for the set of
regular elements of k∗, and t∗reg for the intersection of k
∗
reg with t
∗.
Since the action of K preserves F , if µ(p) is in t∗reg then TpF contains a copy of
k/t; in particular the set of weights of the representation on TpF contains either φ or
−φ for all positive roots φ of K. Note however that unlike Guillemin and Prato in [5]
we are not assuming all of the µ(p) are regular; this allows us to consider actions on
non-generic coadjoint orbits. If µ(p) is not in t∗reg then it’s fixed by some of the wα,
where wα ∈W (K) is the element of the Weyl group that acts on t
∗ by reflection in the
hyperplane orthogonal to α. These α are then not necessarily weights of the torus action
on TpF .
2.3 Some Notation
Let P = {p1, . . . , pn} be the set of fixed points of the torus action on M . For the fixed
point pi, let Ai be the set {α ∈ Φ
+(K)|〈α, µ(pi)〉 = 0} of roots α of K such that µ(pi)
lies on the hyperplane orthogonal to α (and so wα fixes µ(pi)). Let Ai be the group
generated by the wα, for α ∈ Ai, and let Ui be the set of left cosets of Ai in W (G). If
X is an Ai-invariant set then we define the action of Ui on X by [w] · x = w · x, where
w ∈W (G), the coset of Ai containing w is denoted [w], and x ∈ X; this action does not
depend on the choice of coset representative and so is well defined. For ease of notation
we will often drop the square brackets and refer to elements w ∈ Ui.
If w · pi = pj , we will also write w · i = j. Let P
+ be the set of fixed points which map
into the closed positive Weyl chamber WK under the moment map.
Given a fixed point pi ∈M , let F be the fixed manifold of the S action containing pi.
Let {αij}
ai
j=1 denote the weights of the torus action on the tangent space to the K-orbit
of pi (these form a subset of Φ(K)), let {βij}
fi
j=1 denote the remaining weights of TpiF ,
and let {βij}
ni
j=fi+1
denote the weights of (NF )pi . We write Bi = {βij |1 ≤ j ≤ ni}.
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We will polarise the weights as follows. Choose a ξ ∈ t such that 〈α, ξ〉 = 0 for all
α ∈ W (K), and 〈λ, ξ〉 6= 0 for all other weights λ of the torus action on tangent spaces
to fixed points. So W (K) preserves ξ. Note that there may be some weights βij of the
torus action on the normal bundle to the K-orbit of pi which also happen to be roots of
K; such βij will have 〈βij , ξ〉 = 0. Define polarised weights
β+ij =
{
βij , βij(ξ) ≥ 0
−βij , βij(ξ) < 0
,
and for fixed i, let si be the number of j with βij(ξ) < 0. Notice that we’ve chosen ξ
such that si = sw·i for all w ∈W (K).
For the fixed point pi, write βi =
1
2
∑
j βij . Let Bi be the set {w ·βij |w ∈W (K), βij ∈
Bi}, and let B
+
i be the set of polarised weights {β
+|β ∈ Bi}. Let βi =
∑
β∈Bi:β=−β+
β.
Let Ci be the set of weights β ∈ B
+
i that are not equal to β
+
ij for any βij ∈ Bi; that is,
polarisations of all weights in the orbit except for those at the point pi. Let mi(η) be
the multiplicity of eη in
∏
γ∈Ci
(1− e−γ).
2.4 The Main Theorem
Theorem 2.12. Let G be a compact Lie group with maximal torus T . Let (M,ω,L,∇;J)
be a Hamiltonian G-space such that the T -action has isolated fixed points. Let K ⊂ G
be a closed connected subgroup with maximal torus T . Write V Kλ for the irreducible K-
representation of highest weight λ. Then the character χ of the quantisation Q(M,ω,L,∇;J)
is given by
χ(Q(M,ω,∇, L;J)) =
∑
F∈pi0(MS)
∑
pi∈F∩P+
∑
η∈Λ(−1)
simi(η)χ(V
K
µ(pi)+βi+η
)∏
γ∈B+i
(1− e−γ)
. (1)
Proof. The equivariant index theorem (Theorem 2.4) tells us that χ◦exp =
∫
M e
c1,T (L)TdT (M).
By localisation with respect to the T action we get
χ ◦ exp =
∑
pi∈MT
(
ec1,T (L)TdT (M)
)∣∣
pi
eT (TpiM)
. (2)
Let MS denote the fixed set of the S action on M . Since every fixed point pi ∈ M
T is
contained in MS , we can write MT as the disjoint union over all F ∈ π0(M
S) of the
fixed sets F T of the T action on F . So
χ ◦ exp =
∑
F∈pi0(MS)
∑
pi∈FT
(
ec1,T (L)TdT (M)
)∣∣
pi
eT (TpiM)
. (3)
At a fixed point pi ∈ F , we can write TM |pi as TpiF ⊕ (NF )pi . Hence TdT (TM)pi =
TdT (TpiF )TdT (NF )pi , and eT (TM)pi = eT (TpiF )eT (NF )pi . So
χ ◦ exp =
∑
F∈pi0(MS)
∑
pi∈FT
e(c1,T (L))piTdT (TpiF )TdT ((NF )pi)
eT ((NF )pi)eT (TpiF )
. (4)
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Recalling the definitions of the equivariant characteristic classes and lemma 2.9, we can
write
eT (TpiF ) =
∏
j
αij
fi∏
k=1
βik, (5)
TdT (TpiF ) =
eT (TpiF )∏
j(1− e
−αij )
∏fi
k=1(1− e
−βik)
, (6)
eT ((NF )pi) =
mi∏
l=fi+1
βil, (7)
TdT ((NF )pi) =
mi∏
l=fi+1
βil
mi∏
l=fi+1
(1− e−βil)
, (8)
e(c1,T (L)|F )pi = eµ(pi). (9)
And so our formula becomes
χ ◦ exp =
∑
F∈pi0(MS)
∑
pi∈FT
eµ(pi)∏
j(1− e
−αij )
∏mi
k=1(1− e
−βik)
. (10)
We now organise this formula into characters of representations of K. By Lemma
2.7, W (K) acts on the fixed points of the fixed manifolds F . This action partitions the
fixed points contained in F into W (K)-orbits; each orbit contains |Ui| points, and has
a unique representative pi whose image µ(pi) lies in the closed positive Weyl chamber
WK . For given F , the set of such orbit representatives is F ∩ P
+.
Recall from Lemma 2.9 that the action of w ∈ W (K) takes weights of the tangent
space at pi to weights of the tangent space at w · pi. So we can write our formula more
suggestively as
χ ◦ exp =
∑
F∈pi0(MS)
∑
pi∈F∩P+
∑
w∈Ui
ew(µ(pi))
∏
j(1−e
−w·αij )∏
β∈Bi
(1− e−w·β)
. (11)
Recall that an irreducible K-character has the form
∑
w∈Ui
ew·λ∏
α(1−e
−w·α)
, where the α are
the positive roots of K whose inner product with λ is non-zero. (When λ is regular, this
is all the positive roots and this becomes the more familiar
∑
w∈W (K)
ew·λ∏
φ∈Φ+(K)(1−e
−w·φ)
.)
So to get irreducible K-characters, we would like to rewrite
∑
w∈Ui
ew(µ(pi))∏
j(1−e
−w·αij )∏
β∈Bi
(1− e−w·β)
(12)
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as ∑
w∈Ui
ew·µ(pi)w·R∏
j(1−e
−w·αij )
H
, (13)
where R =
∑
τ∈E cτe
τ , for E a finite subset of the integral weight lattice, and cτ ∈ Z.
Equivalently, we wish to rewrite (
∏
β∈Bi
(1 − e−β))−1 as R/H with H required to be
W (K)-invariant. One W (K)-invariant set we have is the set Bi of all weights of the
torus action on the spaces Tw·piM/Tpi(K · pi) for w ranging over W (K). In fact, since
we chose ξ to be fixed by W (K), we know 〈w ·β, ξ〉 = 〈β, ξ〉 and so W (K) also preserves
the set B+i of polarised weights. Let us therefore take
H =
∏
γ∈B+i
(1− e−γ). (14)
Thus we find that
R =
∏
γ∈B+i
(1− e−γ)∏
β∈Bi
(1− e−β)
.
Consider β ∈ Bi. If β = β
+, then β ∈ B+i , so the corresponding terms cancel. If
β = −β+, then −β ∈ B+i , so we can replace the corresponding terms with a −e
β . By
definition the number of β ∈ Bi with β = −β
+ is si, and so we are left with
R = (−1)sie
∑
β∈Bi:β=−β
+ β
∏
γ∈Ci
(1− e−γ), (15)
where Ci is the set of all polarised weights γ ∈ B
+
i of the torus action on the tangent
spaces to the whole orbit of fixed points such that neither γ nor −γ is in Bi; that is,
neither γ nor −γ is a weight of the torus action on the tangent space TpiM at the
particular fixed point pi. Write βi for
∑
β∈Bi:β=−β+
. So we have rewritten (12) as
∑
w∈Ui
w ·
(
eµ(pi)(−1)sieβi
∏
γ∈Ci
(1−e−γ)
∏
j(1−e
−αij )
)
∏
γ∈B+i
(1− e−γ)
. (16)
Lemma 2.13. Let Ai ⊂ Φ
+(K) be the set {α ∈ Φ+(K)|〈α, µ(pi)〉 = 0}, and let Ai be
the subgroup of W (K) generated by the reflections wα for α ∈ Ai. Then
∑
w∈Ai
1∏
α∈Ai
(1− e−w·α)
= 1.
Proof. Let sw denote the number of α in Ai such that w ·α is a negative root of K, and
let ρAibe half the sum of the elements of Ai. Then
∑
w∈Ai
1∏
α∈Ai
(1− e−w·α)
=
∑
w∈Ai
(−1)swew·ρAi∏
α(e
α/2 − e−α/2)
.
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We claim that this is equal to 1. Let Ψ ⊂ Ai be a set of simple roots (so that each α ∈ Ai
can be expressed uniquely as a non-negative integer combination of the ψ ∈ Ψ). Let
x = (x1, . . . , x|Ai|) ∈ {−1, 1}
|Ai|, and consider the term X = e
∑
xiαi/2 in the expansion
of the product in the denominator.
If for all i, j, k for which αi = αj + αk and xj = xk we also have xi = xj, then∑
xiαi/2 = w · ρAi for some w ∈ Ai, and the coefficient of X in the denominator is∏
xi = (−1)
sw . Every ew·ρAi appears once in the denominator.
Otherwise, suppose there are i, j, k with αi = αj + αk and xj = xk but xi = −xj.
Then there’s another term X = e
∑
xlαl/2 where xl = −xl for l = i, j, k and xl = xl
otherwise. Then X and X both appear once in the expansion of the denominator, each
with opposite sign and so they cancel.
Thus we are left with
∏
α(e
α/2 − e−α/2) =
∑
w(−1)
swew·ρAi , which proves the lemma.
By multiplying (16) by
∑
w∈Ai
(
∏
α∈Ai
(1− e−w·α))−1, we get
∑
w∈W (K)w ·
(
eµ(pi)(−1)si eβi
∏
γ∈Ci
(1−e−γ)
∏
φ∈Φ+(K)(1−e
−φ)
)
∏
γ∈B+i
(1− e−γ)
, (17)
which is a quotient of K-characters, where the K-character of highest weight µ(pi) +
βi+λ appears with multiplicity equal to the multiplicity of e
λ in (−1)si
∏
γ∈Ci
(1− e−γ).
Write V Kλ for the irreducible K-representation of highest weight λ, and mi(η) for the
multiplicity of eη in
∏
γ∈Ci
(1− e−γ). Then summing over all orbits we get
χ(Q(M,ω,∇, L;J)) =
∑
F∈pi0(MS)
∑
pi∈F∩P+
∑
η∈Λ(−1)
simi(η)χ(V
K
µ(pi)+βi+η
)∏
γ∈B+i
(1− e−γ)
,
which is equation (1), as claimed.
Remark. There are at most 2|Ci| points η ∈ Λ where mi(η) is non zero.
Remark. Although the proof of our main theorem only requires the T action, consid-
ering the S action as well helps with the geometric intuition. Consider one connected
component F ∈ π0(M
S) of the fixed set of the S-action. By Corollary 2.11 F is a
Hamiltonian K-space, so the character of the quantisation of the restriction of L to F is
given by
∫
F e
c1,T (L)|F TdT (F ). This is an integral of S-equivariant forms, so we can ap-
ply localisation with respect to the S action on F to get
∑
p∈FT
e
c1,T (L)pTdT (TpF )
eT (TpF )
. These
terms, for each F ∈ π0(M
S), appear in the formula (4) for the full character χ ◦ exp,
each multiplied by TdT (NF )p/eT (NF )p. Geometrically, this tells us that the way a few
K-characters combine to form a G-character is a consequence of the way that the fixed
manifolds of the S-action – each of which is a K-space – are embedded in the G-space.
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2.5 Example
Example 2.14. Let G = SU(3) and let K ⊂ G be S(U(2)×U(1)). Denote by α, β and
γ the positive roots of G, where β = α+ γ, and let α be the positive root of K. Choose
ξ such that the polarised roots are the positive roots. Let ν = β + γ, and let M be the
coadjoint orbit G.ν ∼= G/K. In this case the moment map is the inclusion i : G · ν →֒ g∗
composed with the projection π : g∗ → t∗.
The centraliser of K in G is the subtorus S consisting of matrices of the form
 eiθ 0 00 eiθ 0
0 0 e−2iθ

 ,
for θ ∈ [0, 2π). The T action on G/K has three fixed points: their moment map images
are ν, w · ν, and w2 · ν where w is one of the rotations in W (G). Let’s assume w · ν is in
the dominant Weyl chamberWK . These fixed points lie in the two fixed manifolds of the
S-action: the point ν, and the copy of K/T ∼= P1 which maps to the edge between w · ν
and w2 · ν under the moment map. Each fixed manifold contains just one W (K)-orbit
of fixed points.
For the fixed manifold F ∼= P1, the weights of tangent spaces are −γ (at Tw·pG/K)
and −β (at Tw2·pG/K). So the denominator will be (1−e
−β)(1−e−γ). Each fixed point
in this W (K)-orbit has one negative weight on its tangent space that’s not a root of K,
so si = 1. Here βi is the sum of the negative weights at w · γ, which is −γ. Recall that
Ci is the set of weights δ of the T action on tangent spaces to M at fixed points of the
orbit of pi such that neither δ nor −δ is a weight of the tangent space at pi, where pi is
the fixed point in the dominant Weyl chamber for K; in this case pi is w · ν and Ci is
−β. Thus mi(η) is the multiplicity of e
η in 1− e−β , so
mi(η) =


1, η = 0
−1, η = −β
0, otherwise.
At the point p, the weights of the tangent space are β and γ, so the denominator is again
(1− e−β)(1− e−γ). Both weights are positive so si = 0 and βi = 0. This time there are
no weights on tangent spaces in that orbit that are not weights of the tangent space at
that point, so Ci is empty and mi(η) is non-zero (and equal to one) only when η = 0.
So our theorem tells us that
χ(V Gν ) =
χ(V Kν )−
(
χ(V Kw·ν−γ)− χ(V
K
w·ν−β−γ)
)
(1− e−β)(1 − e−γ)
.
2.6 Relation to the GKRS formula
In their paper [3], Gross, Kostant, Ramond and Sternberg consider equal rank Lie alge-
bras k ⊂ g with g semisimple and k reductive, and give a formula for the characters of
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irreducible g-representations in terms of certain irreducible k-characters. Since represen-
tations of Lie groups are also representations of their Lie algebras, in the case where G is
semisimple and the quantisation of the G-action onM is an irreducible G-representation,
we expect our formula to agree with the GKRS formula. We now show that the two
formulae do indeed coincide.
At the end of the proof of Theorem 2.12, we had expressed the contribution from one
orbit of fixed points as
∑
w∈W (K)w ·
(
eµ(pi)(−1)si eβi
∏
γ∈Ci
(1−e−γ)
∏
φ∈Φ+(K)(1−e
−φ)
)
∏
γ∈B+i
(1− e−γ)
. (18)
We may write B+i = {β ∈ Bi|β = β
+} ⊔ {−β|β ∈ Bi, β = −β
+} ⊔ Ci. So multiplying
numerator and denominator of (18) by
∏
γ∈B+i
eγ/2 (which is W (K)-invariant), we get
∑
w∈W (K)w ·
(
eµ(pi)(−1)sieβi
∏
γ∈Ci
(eγ/2−e−γ/2)
∏
φ∈Φ+(K)(1−e
−φ)
)
∏
γ∈B+i
(eγ/2 − e−γ/2)
. (19)
Since γ/2 is not necessarily a weight of T , the numerator of (19) is a character not of K
but of a covering of K; it is however a character of the Lie algebra k. Thus if we work
at the Lie algebra level we have the alternative expression
χ(Q(M,ω,∇, L;J)) =
∑
F∈pi0(MS)
∑
pi∈F∩P+
∑
η∈Λ(−1)
sim˜i(η)χ(V
k
µ(pi)+βi+η
)∏
γ∈B+i
(eγ/2 − e−γ/2)
, (20)
where m˜i(λ) is the multiplicity of e
λ in
∏
γ∈Ci
(eγ/2 − e−γ/2).
Let K ⊂ G be compact connected Lie groups of equal rank, and let G act on G/T (by
left multiplication). Choose positive roots for G, let ρG be half their sum, and let ρK be
half the sum of the positive roots ofK. Recall that the choice of positive roots determines
a complex structure on G/T ; let J be the associated almost complex structure. Choose
ξ such that the polarised roots are the positive roots. Let λ be a dominant integral
weight, and let Lλ = G ×T C(λ) → G/T be the prequantisation line bundle, where T
acts on C(λ) with weight λ (as in [1]). In this case the quantisation is the irreducible
representation of G of highest weight λ. The images of the fixed points of the T action
are the w · λ, for w ∈ W (G). Write pw for the fixed point whose image µ(pw) is w · λ.
Let WG, WK denote the positive Weyl chambers of G, K respectively (so WG ⊂ WK).
There is one fixed manifold of the S action containing each of the fixed points whose
images lie in the positive Weyl chamber WK , and each of those fixed manifolds contains
a single W (K)-orbit of fixed points. As in Gross, Kostant, Ramond and Sternberg’s
paper [3], let C be the subset of W (G) mapping WG into WK ; the fixed manifolds are
indexed by C. The weights of the torus action on TpwM are {w · φ|φ ∈ Φ
+(G)}. The
orbit K ·λ is a generic coadjoint orbit (of K) and so the set of weights of the T action on
the tangent space to the orbit is {w ·φ|φ ∈ Φ+(G)}∩Φ(K), while the remaining weights
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make up the βw. For every fixed manifold F , B
+
i is exactly the set Φ
+(G/K) of positive
roots of G that are not roots of K. For each weight β ∈ Bw of the torus action on the
tangent space to a fixed point, either β or −β appears as a weight of the torus action
on the tangent space at each other fixed point in the W (K)-orbit; thus Ci is empty, and
so m˜i(η) is non-zero only when η = 0 in which case m˜i(η) = 1. By definition sc is the
number of positive roots changed into negative roots under c; that is, (−1)sc = ǫ(c). The
weights at TpcG/T are {c · φ|φ ∈ Φ
+(G)}. Note that if c · φ ∈ Φ(K) then c · φ ∈ Φ+(K)
since C mapsWG intoWK . So βc =
∑
φ∈Φ+(G) c·φ−
∑
α∈Φ+(K) α
2 = c ·ρG−ρK . Substituting
this all into equation (20), we get
χ(V ) =
∑
c∈C ǫ(c)χ(Vc(λ+ρG)−ρK )∏
φ∈Φ+(G/K)(e
φ/2 − e−φ/2)
,
which is exactly the GKRS formula (equation 5 in [3]).
An alternative approach to obtaining a GKRS-like formula that applies to Lie groups
is discussed in Landwebber and Sjamaar’s paper [8].
3 Multiplicity Formula
In this section, we will give a formula for the multiplicity in Q(M,ω,∇, L;J) of V Kλ ,the
irreducible representation of K of highest weight λ. We will compare our formula with
the Guillemin-Prato formula from [5].
3.1 Derivation of the Multiplicity Formula
Our starting point is the equation
χ ◦ exp =
∑
F∈pi0(MS)
∑
pi∈F∩P+
∑
w∈Ui
ew(µ(pi))∏
j(1−e
−w·αij )∏
β∈Bi
(1− e−w·β)
. (21)
from the previous section. Let us start by only considering fixed points belonging to one
Weyl orbit. The contribution to formula (21) from such a set of points is
∑
w∈Ui
ew·µ(pi)∏
j(1−e
−w·αij )∏
k(1− e
−w·βik)
. (22)
We polarise the βij as above. If βij = β
+
ij , we have (1 − e
−βik)−1 = (1 − e−β
+
ik)−1; if
βij = −β
+
ij then rewrite (1−e
−βik)−1 as (−e−β
+
ik)(1−e−β
+
ik)−1. By definition the number
of βij with βij = −β
+
ij is si; thus (
∏
k(1 − e
−βik))−1 becomes ((−1)sie−(β
+
i −βi))(
∏
k(1 −
e−β
+
ik))−1. As discussed earlier, we have sw(i) = si, and w · (β
+
i − βi) = β
+
w(i) − βw(i).
Thus we can rewrite (22) as
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∑
w∈Ui
(−1)siw·(eµ(pi)−β
+
i
+βi)
∏
j(1−e
−w·αij )∏
k(1− e
−w·β+ik)
(23)
Expanding (1− x)−1 as 1 + x+ x2 + · · · , this gives us
∑
w∈Ui
(−1)siw · (eµ(pi)−β
+
i +βi)∏
j(1− e
−w·αij)
∏
k
(1 + e−w·β
+
ik + e−2w·β
+
ik + e−3w·β
+
ik + · · · ). (24)
For ζ ∈ t∗, write Pi(ζ) for the number of ways to write ζ as a sum
∑
j cjβ
+
ij , where the
cj are non-negative integers. So the contribution of this W (K)-orbit of fixed points is
(−1)si
∑
ζ
Pi(ζ)
∑
w∈Ui
w · (eµ(pi)−β
+
i +βi+ζ)∏
j(1− e
−w·αij)
. (25)
Recall that an irreducible character of K of highest weight λ takes the form∑
w∈W (K)
ew·λ∏
α∈Φ+(K)
(1− e−w·α)
.
Note that if µ(pi) is regular and w
−1µ(pi) is in the positive Weyl chamber WK , then
the αij are exactly the w · α, for α ∈ Φ
+(K). If µ(pi) is not regular and lies on a
hyperplane orthogonal to the root α of K, then neither α nor −α will be a weight on
Tpi(K · pi). As before let Ai be the set {α ∈ Φ
+(K)|〈α, µ(pi)〉 = 0}; notice that this is
exactly the set of positive roots α of K such that neither α nor −α is a weight of the
torus action on Tpi(K · pi). Hence Φ
+(K) = {αij} ⊔ Ai. By lemma 2.9 we know that
Aw·i = {w · α|α ∈ Ai} for w ∈ W (K). Let Ai < W (K) be the subgroup generated by
the reflections wα for α ∈ Ai. Note that
∏
α∈Ai
((1−e−α)−1+(1−eα)−1) is Ai-invariant,
so the action of Ui on this product is well defined.
Using Lemma 2.13 we can rewrite (25) as
(−1)si
∑
ζ
Pi(ζ)
∑
w∈Ui

w · (eµ(pi)−β+i +βi−ζ)∏
k(1− e
−w·αik)
∑
v∈Ai
1∏
α∈Ai
(1− e−v·α)

 . (26)
But since Φ+(K) = {αik} ⊔Ai, this can be simplified to
(−1)si
∑
ν
Pi(ν)
∑
w∈W (K)
w · (eµ(pi)−β
+
i +βi−ν)∏
α∈Φ+(K)(1− e
−w·α)
. (27)
Remark. In the previous formula (26), the sum over Ui corresponded to a sum over the
fixed points in oneW (K)-orbit. In the formula (27), we instead sum over the set of pairs
(p,w) where p = w · pi for w ∈W (K). Geometrically, what we have done is replace each
point p with several copies of itself, one for each Weyl chamber on whose boundary µ(p)
lies.
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Let Zi denote the set of pairs (p,w) where p = w · pi for w ∈ W (K). Note that
|Zi| = |W (K)|. We let Z be the union over all pi ∈ P
+ of the Zi; that is, let Z be the set
of pairs (p,w) where p is a fixed point of the T action on M and w ∈W (K) is such that
w−1(µ(p)) is in the closed positive Weyl chamber WK . (So each regular point appears
once; the non-regular points appear once for each Weyl chamber in whose boundaries
they lie.)
Equation (27) expresses the contribution of this orbit as a sum of irreducible K-
characters; we would now like to know the multiplicity with which the K-character of
highest weight λ occurs, for each λ ∈ t∗. Let ρK denote half the sum of the positive
roots of K. We can rewrite (27) as
(−1)si
∑
ζ
Pi(ζ)
∑
(pi,w)∈Zi
ǫ(w)
eµ(pi)−β
+
i +βi−ζ−ρK+w·ρK∏
α∈Φ+(K)(1− e
−α)
(28)
The contribution of oneW (K)-orbit to the multiplicity of λ is given by the multiplicity in
(28) of terms that look like e
λ
∏
α∈Φ+(K)(1−e
−α)
. So write λ = µ(pi)−β
+
i +βi−ζ−ρK+w·ρK .
Then we can rewrite the contribution from one W (K) orbit as
(−1)si
∑
λ
∑
(pi,w)∈Zi
ǫ(w)Pi(−λ+µ(pi)−β
+
i +βi−ρK +w ·ρK)
eλ∏
α∈Φ+(K)(1− e
−α)
(29)
and hence, summing over all Weyl orbits, we get the following formula:
Theorem 3.1. Let K ⊂ G be compact Lie groups of equal rank with a common maximal
torus T . Let (M,ω,L,∇;J) be a compact Hamiltonian G-space, and let Q(M,ω,∇, L;J)
be its quantisation. Let λ be a dominant weight for K. Then the multiplicity of the
irreducible K-representation of highest weight λ in the G-representation Q(M,ω,∇, L;J)
is given by
#(λ,Q(M,ω,∇, L;J)) =
∑
(pi,w)∈Z
(−1)siǫ(w)Pi(µ(pi) + w · ρK + βi − λ− ρK − β
+
i ).
Remark. This is almost the Guillemin-Prato multiplicity formula from [5], generalised
to allow fixed points whose images under µ are not regular. The two formulae do not
quite agree; the formula appearing in [5], in our notation, is the following:
#(λ,Q(M,ω,∇, L;J)) =
∑
(pi,w)∈Z
(−1)siǫ(w)Pi(λ+ w · ρK + β
+
i − βi − ρK − µ(pi)).
3.2 Examples
We will illustrate our formula using the same examples as in the previous section.
Example 3.2 (Generic coadjoint orbits). Suppose M = G/T , and denote by ν the
moment map image of the fixed point p that lands in the dominant Weyl chamber. So
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we can identify G/T with the coadjoint orbit G · ν. Then the set of fixed points is
{u · p|u ∈ W (G)}, and their moment map images are the u · ν. Write pu = u · p for
u ∈ W (G). So the set Z is {(pu, w)|u ∈ W (G), w ∈ W (K), w
−1(u · ν) ∈ WK}. The
weights of the T action on the spaces TpM/Tp(K ·p) are the roots of G that are not roots
of K. So {βuj} = Φ
+(G/K), and at the point pu the βuj are {u ·φ|φ ∈ Φ
+(G/K), u ·φ /∈
Φ(K)}. For each u, βu = u · ρG−w · ρK , and β
+
u = ρG− ρK . Since the β
+
uj are the same
at each fixed point, we will write P (λ) for the number of ways to express λ as a sum∑
j cjβj , where the βj are the positive roots of G that are not roots of K, and the cj
are non-negative integers. Finally, (−1)suǫ(w) = (−1)n, where n is the number of roots
of G that change sign under u, and so (−1)suǫ(w) = ǫ(u). So in this case, our formula
becomes
#(λ,Q(M,ω,∇, L;J)) =
∑
u∈W (G)
ǫ(u)P (u · ν + u · ρG − λ− ρG). (30)
Remark. Goodman and Wallach proved a branching formula which gives the multiplicity
of the irreducible representation ofH of highest weight λ in the irreducible representation
of G of highest weight ν (Theorem 8.2.1 in [2]). They do not require G and H to be of
equal rank, only that the chosen maximal torus of H is contained in that of G, but in
the case where the two groups do have a common maximal torus their formula coincides
with our (30) above.
Example 3.3. Consider the same non-generic coadjoint orbit we discussed in the pre-
vious section. That is, take G = SU(3) and K = S(U(2) × U(1)). Let α, β and γ be
the positive roots of G (with α+ γ = β), and take α to be the positive root of K. Let
ν = β + γ, and let M be the coadjoint orbit G · ν ∼= G/K. Then the torus action has
three fixed points: ν, w+ν and w−ν (where w+ and w− are the rotations in W (G) that
map ν into the chambers WK and −WK respectively).
WK
−WK
w+ν
w−ν
ν
α
β
γ
Let u be the non trivial element in W (K). Since w+ν is in the positive chamber WK ,
w−ν is in the other chamber and ν is on the boundary wall, the set Z consists of the
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four elements (w+ν, e), (w−ν, u), (ν, e), and (ν, u). The data at each of these points is as
follows:
(p,w) ∈ Z Weights of T action on TpM/Tp(K · p) si ǫ(w) βi β
+
i
(w+ν, e) −γ 1 1 −γ/2 γ/2
(w−ν, u) −β 1 -1 −β/2 β/2
(ν, e) β, γ 0 1 (β + γ)/2 (β + γ)/2
(ν, u) β, γ 0 -1 (β + γ)/2 (β + γ)/2
In this case ρK = α/2. Putting this into our formula, we get
−Pγ(w+ν − λ− γ) + Pβ(w−ν − β − α− λ) + Pβ,γ(ν − λ)− Pβ,γ(ν − α− λ),
where PA(ψ) denotes the number of ways to write ψ as a sum
∑
a∈A caa where the ca
are in N. Notice that in this example, each A is a linearly independent set of roots,
so PA will always be one or zero. For each point (pi, w) ∈ Z, we will shade the region
of t∗ containing those λ where Pi(λ + β
w
i − βi + ρK − w · ρK − µ(pi)) = 1 with red
lines of positive slope if (−1)siǫ(w) is +1 or blue lines of negative slope if (−1)siǫ(w) is
−1. (Thus the regions where cancellations occur will appear hashed in red and blue.)
The point (w+ν, e) contributes a multiplicity of −1 for every λ that can be written as
w+ν − γ − cγ for c ∈ N, so we illustrate this with a blue dashed halfline starting at
w+ν−γ and travelling in the −γ direction. The point (ν, e) contributes a multiplicity of
+1 for every λ that can be written as ν − bβ − cγ for b, c ∈ N, so this is illustrated with
a red shaded cone with vertex ν. The contributions from the other points are shaded in
the same way.
The portion of the picture we are interested in is the top half, corresponding to the
closed positive Weyl chamber WK , since our formula tells us, for an element λ ∈ WK ,
the multiplicity of the irreducible K representation of highest weight λ. We can see that
most of this region is either unshaded or hashed in red and blue; in fact the only integral
weights in WK that lie in the positive region are the four lying along the top edge of the
triangle. Thus we see that our G character breaks up into the four K characters which
have the circled weights as their highest weights (see figure 1).
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